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One of the important unsolved problems in string theory is supersymmetry breaking, for 
which there are two known mechanisms. 

(i) Tree-level breaking, which comprises Scherk-Schwarz or internal magnetic type of 
breaking [I], ^ . Such an approach can be implemented in the context of perturbative string 
theory, but it suffers from the decompactification problem: generically, the gravitino mass, 
which sets the scale of supersymmetry breaking, is inversely proportional to an internal 
radius, and when set to be of the order of a TeV, a tower of states (charged under low- 
energy gauge groups) populate the energy range between the supersymmetry-breaking scale 
and the Planck scale. Then low-energy couplings run fast (almost linearly with the radius) 
and the theory becomes strongly coupled long before the unification (or Planck) scale. This 
behaviour is thought to be generic, and although there are some ideas on how to avoid it[] 
||, no workable model exists so far. 

(ii) Non-perturbative breaking via gaugino condensation ||. This is a non-perturbative 
breaking of supersymmetry, which up till now had to be discussed at the level of the effective 
supergravity. The problem there was the creation of a runaway potential for the dilaton field, 
plus our inability to do a controllable calculation. 

In this note we will show that in a class of ground states of string theory, which have the 
structure of spontaneously broken N = 4 theories, the behaviour of thresholds as functions 
of the moduli of the internal manifold is radically different from the known examples. The 
reason for this is that N = 4 supersymmetry, at large values of (some) moduli, is restored 
and thus the thresholds vanish in the limit instead of blowing up. Such a behaviour was 
already anticipated in ||. Moreover, by using non-perturbative duality techniques, available 
today, we might also find a similar behaviour in the context of non-perturbatively broken 
supersymmetry ||. 

We will not present here a complete realistic model of broken supersymmetry. We expect 
however that in such models, viewed as orbifolds of N = 4 ground states with respect to 
groups without fixed points (such orbifolds are also known as stringy Scherk-Schwarz ground 
states the internal volume dependence of the thresholds comes from N = 2 sectors. 
Thus, here we will study N = 2 ground states that have the structure of spontaneously 
broken N = 4 ground states, compute their threshold corrections as well as their universal 
terms, and show that they have the behaviour advertised above. A complete analysis, 
including also N = 1 and N = ground states, will appear in ||. 

The stringy formula for threshold corrections (for supersymmetric ground states and 
non-anomalous [/(l)'s) including a stringy infra-red regularization is [0]-|16| 



16vr 2 , 16tt 2 , , M 2 S . 

-2 f ^ = h- + Mog^ L + A J , (1) 
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1 The idea consists of constructing models without N = 2 sectors, so that the threshold corrections are 
independent of the volume moduli of the internal theory. 
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where, in the DR scheme for the effective field theory, the thresholds read: 
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Here ki is the level of the ith gauge group factor, bi are the full beta-function coefficients, 
M s = \j\fa! is the string scale, \x is the infra-red scale, Pj is the charge operator of the 
gauge group Gi, and C f is the internal six-dimensional partition function. For conventions 
see 



10, 0. 



To start with, we will consider models that come from toroidal compactification of generic 
six-dimensional N — 1 string theories. In such cases, there is a universal two-torus, which 
provides the (perturbative) central charges of the N = 2 algebra. Therefore (0) becomes 
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where T and U are the complex moduli of the two-torus, Q is an antiholomorphic function 
and 
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By advocating modular invariance, analytic properties and infra-red finiteness, it is pos- 
sible to isolate the universal part of the thresholds as follows^: 
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Here E 2n are the Eisenstein series: 
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■Details can be found in |[J, |lj. 
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and £ is a constant that can be expressed in terms of the number of massless vector multiplets 
Ny and hypermultiplets Nh, by using the relation between gauge and i? 2 -term renormaliza- 
tions fll], [I5|. It reads: 

£ = ~ (22 - N v + . (12) 

It is remarkable that the latter is fully determined as a consequence of the anomaly cancella- 
tion (gauge, gravitational and mixed) in the underlying six- dimensional theory []17|]. Indeed, 
as long as the number of tensor multiplets is Nt = 1, anomaly cancellation implies that 

N H -N V = 242, (13) 

and therefore 

£=-!■ (14) 

Hence, we observe that for all N = 2 ground states that come from toroidal compactifi- 
cation of a N = 1 six- dimensional theory, the threshold corrections can be completely deter- 
mined (eqs. (||), (0), (|D and fll4|)) and do not depend on the details of the six- dimensional 
theory (moduli included). As an example, consider the case of the Z 2 orbifold, where we 
have a gauge group E 8 x E 7 x 577(2) x U{1) 2 and thus Ny = 386. The number of massless 



hypermultiplets is Nh = 628. Using these numbers in (|12|) we indeed obtain £ = — 1. As 



expected from supersymmetry, the corresponding universal threshold is twice as big as a 



single-plane contribution of the symmetric Z 2 x Z 2 orbifold analysed in [13]. These thresh- 



olds were further analysed in refs. |l|j] and [DJ. One important feature is that K(T, £7) given 



in eq. (§) is finite and continuous inside the moduli space, even along enhanced-symmetry 
planes as T — U. 

We will now construct different N = 2 models in four dimensions, which can be repre- 
sented as ground states where N = 4 supersymmetry is spontaneously broken to iV = 2. 
This can be achieved by doing a Z 2 rotation on the T 4 accompanied by a Z2 translation on 
the T 2 . There are three choices for the Z2 translation on the T 2 : 

(i) \mi,m 2 ,n 1 ,n 2 ) -> (-l) mi |mi, m 2 , n x , n 2 ), 

(ii) \m 1 ,m2,ni,n 2 ) -> (-1)™ 2 \m 1 ,m 2 ,n 1 ,n 2 ), 

(iii) \mi,m 2 ,n 1 ,n 2 ) — > (-i) m i+ m 2 |mi,TO 2 ,ni,n 2 ); 

the corresponding models will be refered to as models I, II and III, respectively. Here the 
orbifold group acts without fixed points. Consequently the spectrum is in one-to-one corre- 
spondence with that of the N = 4 T 6 compactification. This is a spontaneous breaking of 
iV = 4 to iV = 2 and the mass of the two gravitinos can be computed: 

(i) m\i 2 = In j^[ mU and N = 4 supersymmetry is restored in the limit ImT — > 00, U — ► 
with Im T Im U finite, and m^ 2 — > as it should; 

(ii) m|/ 2 = jm-r 1 ^^ and TV = 4 supersymmetry is restored in the limit ImT — ► 00, 
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Im U — > oo with Im T j Im U fixed; 
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and N = 4 supersymmetry is restored when ImT — ► oo 
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with [/ kept fixed. 

We should note that there also exist models where the lattice translations act on the 
winding numbers. In any such model the original duality group 0(2, 2; Z) is broken to a 
subgroup. We will describe these groups below. The broken transformations map any given 
model to a different one. For example the duality transformation U — > —1/U maps model I 
to model II. 

The heterotic partition functions can be written as 
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here the index A labels the three possible translations I, II, III, and 
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The shifted partition functions of the two-torus are 
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where 
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= T 22 is given in (|), and 
is obtained from r 22 by inserting (— l) mi # a nd shifting m — > ni + /i/2, 
is obtained from T 2 2 by inserting (— l) m2 9 and shifting n 2 — ► n 2 + /i/2, 
is obtained from T 22 by inserting (— l)( mi+m2 )9 and shifting n\ — > rii + /i/2 and 
n 2 n 2 + h/2. These partition functions can be obtained from 
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where 



takes the following values: 
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Finally, by straightforward computation we obtain: 
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which will be useful further on. 



The above models have the same gauge group as that of the standard Z 2 orbifold limit 
of K 3 so that N v = 386. However the number of massless hypermultiplets is different. 
Compared with the usual Z 2 orbifold model, the massless hypermultiplets coming from 
the twisted sector have become massive here. Thus the massless ones are 4 singlets under 
E s x E 7 x SU(2) and one which is singlet under E 8 and transforms under E 7 x SU(2) as 
(56,2); then Nh = 116. This should be compared with the standard Z 2 orbifold, which 
contains extra massless hypermultiplets coming from the twisted sector: 8 transforming as 
(56, 1) and 32 as (1,2) under E 7 x SU(2). 

A comment is also in order here concerning the duality symmetries of these models. The 
standard Z 2 orbifold has an 0(2, 2; Z) duality symmetry acting on the T, U moduli, which 
is generated by the standard SL(2; Z) transformations on both T and U plus the T <-> U 
interchange transformation. The duality group in this case can be found from the explicit 
form of the 0(2, 2; Z) transformations: 
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The above transformations can be summarized as follows: 
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(i) For model I the duality group is T(2)t, defined by b even, times T(2)u, defined by d even. 
In the notation of ( j2"8|) this corresponds to A% 2 , B 12) B 21 , D 21 being even and B u = mod(4). 

(ii) For model II the duality group is T(2) T , defined by b even, times r(2) C /, defined by 
b' even as well as the T <-> [/ interchange. In the notation of ( f28|) this corresponds to 
A 2 \, Bi 2 , B 2 i, D\ 2 being even and B 22 = mod(4). 

(iii) For model III the duality group is T(2)t defined by b even, times Ty. The group T is 
defined by the integer matrices 
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with determinant one. In the notation of ( |28| ) this corresponds to An + A\ 2 and A 2 i + v4 22 
being simultaneously even or simultaneously odd, D u + D 12 and D 21 + D 22 being simulta- 
neously even or simultaneously odd, and Bn + B\ 2 + B 2 \ + B 22 vanishing modulo 4 together 
with the other combinations where two signs are flipped. 

We will now evaluate the threshold corrections for the above three models. Using eq. (0) 
we obtainPj: 
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5 The prime summation over (h,g) stands for (h,g) = {(0, 1), (1,0), (1, 1)}. 



6 



These functions obey the following identity: 
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We proceed by using arguments similar to those that were used in refs. |Tj, [15| in order to 
reach (|8[) starting from (Q). The thresholds ([31]) can be written in the form 
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Here we have separated the universal term 
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which is the associated function that appears in the i? 2 -term renormalization, and 
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For the models under consideration, A» 
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The constants bi are the beta-function coefficients of the models (&# g = —60, &e 7 = —12, 
bsu(2) — 52) while 6j are the beta-function coefficients of the symmetric Z2 orbifold (bE 8 = 
—60, &e 7 = &5t/(2) = 84). Note also the identities 4 
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and lead to the correct result (|7|), (^j) for the symmetric Z 2 orbifold obtained when the 
substitution T A 2 h — > T 2 2 is performed. 



(44) 



Using the above results, the thresholds (|36| ) take the form 
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Before any further computation we should address two issues here. First we observe that 
the threshold corrections in these models cannot be decomposed in the simple form hi A + 
hi Y, as was described earlier for N = 2 models coming from toroidal compactification of six- 
dimensional theories. The other issue is why the beta-function coefficients hi of the previous 
models come in the thresholds here. This is not difficult to understand, once we consider some 
decompactification limits of the present models. The first is the supersymmetry restoration 
limit r?7-3/2 — >• 0. In this case we obtain a iV = 4 theory in five or six dimensions. There 
is, however, another decompactification limit, namely m 3 / 2 — > oo. There we obtain a six- 
dimensional N — 1 theory, which is exactly the same as the one relevant for the original 
models. The above statements come from the following decompactification limits of the 
two-torus blocks. Consider flT8"|) in the Lagrangian representation: 



Imr T 2 ,2 



h,h 2 
where as usual 



vdet G e 
m,nez 



( ". • if) 



G 



ImT 



ImU 

It is easy to verify that as ImT 

h, h 2 



1 

ReU 
— > oo: 



ReU 
\U\ 2 



B = ReT 



Imr r 



2.2 



9i,92 



Im T for hi,gi — 0, 

exponentially suppressed otherwise 



(46) 



(47) 



(48 



8 



Using the dual partition function we can check that in the opposite limit, ImT — > 0: 
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However, from the six-dimensional view point, the beta-function coefficients hi are related to 



anomaly coefficients in that theory (see for example |18|). Consider the anomaly eight-form 
in six dimensions Jg = X 4 X 4 with 
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The first term appears in the six-dimensional Bianchi identity, dH = a'(27r) 2 Xi while the 
second is the one-loop correction of the field equation d-kH = a'(27r) 2 X4. The coefficients 
Vi are related to the tree-level value of the gauge couplings, namely u» = fcj/cj with q = 
2, l,|,|,3o for SU(N), SO(2N), E§j$. The coefficients u$ are determined from Green- 
Schwarz anomaly cancellation, and the corresponding four- dimensional N = 2 beta-function 
coefficients are given by 

k = 12 (l + I ) . (51) 

This explains their appearance in our models. 

The integrals in (|45|) can be explicitly evaluated using the results of [§, [12|], (p2])-(p4]) 
and the duplication formulae for the ^-functions with the resultPl: 
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These thresholds should be contrasted with (0). For both decompactification limits ImT — > 
oo and ImU — > oo in (|^), we obtain the familiar result that the thresholds grow linearly 
with the appropriate modulus. To simplify matters we will take Re T = Re U = so that 
ImT = Ri R 2 , ImU = R 2 /Ri, and the two-torus decouples into two circles with radii Ri 
(associated with mi,ni) and R 2 (associated with m 2 ,n 2 ), respectively. The thresholds for 
the original models take the form (Ri = R 2 = R) 



lim A = -R 2 

R^oo 3 



\ogR 2 + 0(l). 



(55) 



J Similar non-universal thresholds in the context of N = 1 models have also been computed (and presented 
in a different form) in [[Ll|. 



9 



This is the expected geometric behaviour of the running gauge coupling. Similarly we also 
have, for the universal contribution pi: 



lim Y = AixR 2 + ( — ) . (56) 



Notice the absence of the logarithmic piece in (|5q) . We will also consider for the sake of 
comparison the limit R\ — > oo for fixed R2. We obtain: 

lim A = \ (R 2 + -L) R l - \ogR\ + 0(1) (57) 

while for the universal term 

& Y = T Rl ( m + M ) e(i?2 - 1} + 1 Rl (I + A ') 6(1 - R > ] + (5?) ■ (58) 

Let us now compute the large-radius limits of the thresholds (pE5|). For model I, the 
supersymmetry restoration limit is R\ —>■ 00 (7713/2 = 1/Ri). In this limit we obtain: 



lim A 1 = -logfi? 2 ) +0(1) 

'1 — >oo V / 



_Ri^oo 

lim 5 1 = 0(e- R2 A . (59) 
R1-+00 V / v ' 

As expected we no longer have the linear explosion of the threshold correction as in ([57]), 
but we obtain the (apparently) counter-intuitive result that the threshold correction diverges 
logarithmically. Indeed, we would expect that since in this limit iV = 4 supersymmetry is 
restored, the thresholds should vanish. Below we will resolve this discrepancy, which is an 
infra-red phenomenon. Notice, however, that since the universal contribution is infra-red- 
finite, it vanishes in the restoration limit, as it should: 

lim Y 1 = O (^A . (60) 

The asymptotic expressions are similar for model II (with Ri <-> R 2 ) while for model III, 
where both Ri — > 00 and R 2 — > 00, we get 

lim A m = -log (RiR 2 ) + 0(1) 

lim S m = 0(e- RlR A (61) 
lim Y m = o(pV) • (62) 
Note also that in the opposite limit m 3 / 2 — > 00 the thresholds match those (|55|)-(|5"8|) of the 



previously described models |L4|, |15 



Let us now concentrate on the issue of how to take various infra-red limits. Consider 
turning on all Wilson lines which break the gauge group to ?7(l)'s. All charged states are 
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now massive. Some of these states in general have masses of the same order as m 3 / 2 , or 
above, and some others have masses below m 3 / 2 . Suppose first that there are no states with 
masses lower than m 3 / 2 . In this case, as m 3 / 2 — » 0, all thresholds would vanish in the limit. 
In the case where there are states that are always lighter than m 3 / 2 as m 3 / 2 — * 0, these states 
have always an effective N = 2 behaviour and they will produce a logarithmic running even 
when m 3 / 2 = 0. In the case we considered, the charged massless states produce an infra-red 
divergence proportional to log/i 2 , which, when present, implies also the (non-holomorphic) 
logarithmic factor log( ImTlmU). 

The question we should answer is: Can we turn Wilson lines so that all charged states 
become heavier than m 3 / 2 ? The answer is yes. Consider for simplicity model I, where the 
gravitino mass is (in the presence of Wilson lines W { = Y} + UY?)\ 

m "' 2 = ImTImd-Ei ImW? ' (63) 
The masses of charged particles, which become massless for zero Wilson lines, are 

m 2 = \W l qj\ 

charged j m j m jj _ j m W 2 " K ) 

where are integers. Due to duality symmetries, the Wilson lines have the periodicity 
properties Wi ~ Wj + 1 ~ Wj + U. It is now obvious that for finite Y, 1 , in the supersymmetry 
restoration limit U — > 0, all charged particles become heavier than the gravitinos. Similar 
remarks apply to the other models. 

For practical purposes, the supersymmetry-breaking scale is a tiny fraction of the Planck 
mass and there are few states that lie below it. Thus, even in such a case there is no 
decompactification problem. There is only the logarithmic running of the light particles up 
to the supersymmetry-breaking scale. Anything above does not run since the physics above 
m 3 / 2 is governed by iV = 4 supersymmetry. 

Can this mechanism work in models with lower supersymmetry? In the most general 
case we could imagine three ordered supersymmetry-breaking scales, m < mi < m 2 . At 
scales above m 2 we have restored N = 4 supersymmetry. In the range mi < /x < m 2 
supersymmetry is spontaneously broken to iV = 2 while for m < /i < m\ it is spontaneously 
broken to iV = 1. Finally, below mo all supersymmetries are broken. It is possible that some 
of these scales are the same, e.g. itlq = mi. If m 2 is sufficiently low then there is no 
decompactification problem in the theory. It remains to be seen if realistic models can be 
constructed with low values of m 2 . 
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